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Preface 

 

 

 

 

 I am glad to present this book, especially designed to serve the needs of the students. The book 

has been written keeping in mind the general weakness in understanding the fundamental 

concepts of the topics. The book is self-explanatory and adopts the “Teach Yourself” style. It is 

based on question-answer pattern. The language of book is quite easy and understandable based 

on scientific approach.  

Any further improvement in the contents of the book by making corrections, omission 

and inclusion is keen to be achieved based on suggestions from the readers for which the author 

shall be obliged. 

 I acknowledge special thanks to Mr. Rajeev Biyani, Chairman& Dr. Sanjay Biyani, 

Director (Acad.) Biyani Group of Colleges, who are the backbones and main concept provider 

and also have been constant source of motivation throughout this endeavor. They played an 

active role in coordinating the various stages of this endeavor and spearheaded the publishing 

work. 

 I look forward to receiving valuable suggestions from professors of various educational 

institutions, other faculty members and students for improvement of the quality of the book. The 

reader may feel free to send in their comments and suggestions to the under mentioned address.  

 

Author  

 

 

 

 

 

 

 

 



 

 

 

                                              Detailed Syllabus  

[UG0803-MAT-63T-201] - [Real Analysis-I & Differential Equations-I]   

                                                   Unit - I  

Bounded set, Neighbourhood, Limit point, Bolzano-Weierstrass theorem, closed and Open sets. 

Concept of compactness and connectedness. Heine-Borel theorem.                 (15 Lectures)                                                

                Unit - II  

Real sequences- Limit and Convergence of a sequence, Monotonic sequences. Cauchy’s 

sequences, Subsequences, Cauchy’s general principle of convergence. Continuous functions: 

Properties of continuous functions on closed intervals.                                           (15 Lectures)  

 Unit -III  

Exact differential equations and equations which can be made exact. First order but higher 

degree differential equations solvable for x,y and p. Linear differential equations with constant 

coefficients, Complementary function and Particular integral.                                     (15 

Lectures)                                              Unit-IV 

 Homogeneous linear differential equations, Linear differential equations of second order. 

Solution by transformation of the equation by changing the dependent variable/the independent 

variable, Method of variation of parameters, Method of undetermined coefficients.                                                                                                                          

(15 Lectures)  
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Sherbert DR. Introduction to real analysis. New York: Wiley; 2000. 4. Mapa SK. Introduction to 

Real Analysis. Sarat Book Distributors; 2014.  

 3. Raisinghania MD, Ordinary and partial differential equations. S. Chand Publishing; 2013. 



 

 

     UNIT-1 

BOUNDED SETS 

Definition : A subset A of R is said to be Bounded above if there exists an element α ϵ R such 

that Then α is called an upper bound of A. A is said to be bounded below if there exists an 

element β ϵ R such that . β is called a lower bound of A. A is said to be bounded if it is both 

bounded above and bounded below.  

Least Upper Bound and Greatest Lower Bound: Definition: Let A be a subset of R and u is 

called the least upper bound or supremum of A if i. u is an upper bound of A. ii. if then v is not 

an upper bound of A. Let A is a subset of R and is called the greatest lower bound or infimum of 

A if i. l is a lower bound of A. ii. if then m is not a lower bound of A.  

Examples: 1. Let A = {1, 3, 5, 6}. Then glb of A = 1 and lub of A = 6 2. Let A = (0,1). Then glb 

of A = 0 and lub of A = 1. In this case both glb and lub do not belong to A.  

Bounded Functions: Definition: Let be any function. Then the range of f is a subset of R. f is 

said to be bounded function if its range is a bounded subset of R. Hence f is a bounded function 

iff there exists a real number m such that  

Examples: 1. f : [0,1] R given by f(x) = x + 2 is a bounded function where as f : R given by is not 

a bounded function.  

2. f :R R defined by f(x) =sin x is a bounded function. Since Absolute Value: Definition: For any 

real number x we defined the modulus or the absolute value of x denoted by |x| as follows . 



 

 

 

 



 

 

 

 

Bolzano-Weierstrass Theorem : 

Statement: Every bounded infinite set of real numbers has a limit point. 

Definition 

A limit point of a set S is a point x such that every neighborhood of x contains infinitely 

many points of S. 



 

 

Proof: 

Let S be a bounded infinite set of real numbers. Then, S is contained in some closed 

interval [a, b]. 

We will construct a limit point using the following steps: 

1. Divide the interval [a, b] into two equal subintervals: [a, (a+b)/2] and [(a+b)/2, b]. 

2. Since S is infinite, at least one of these subintervals contains infinitely many points of S. 

Choose one such subinterval and label it [a₁, b₁]. 

3. Repeat step 1 with the subinterval [a₁, b₁], dividing it into two equal subintervals. 

4. Again, choose the subinterval that contains infinitely many points of S and label it [a₂, b₂]. 

5. Continue this process, generating a sequence of nested intervals [aₖ, bₖ] such that each interval 

contains infinitely many points of S. 

Existence of a Limit Point 

The sequence of nested intervals [aₖ, bₖ] has a unique limit point c, which can be shown 

to be a limit point of S. 

For any ε > 0, the interval (c - ε, c + ε) contains infinitely many points of S, since it 

contains [aₖ, bₖ] for sufficiently large k. Therefore, c is a limit point of S. 

The result shows that every bounded infinite set of real numbers has a limit point, which 

is a fundamental property in real analysis. 

Open Sets 

A set S is open if for every point x in S, there exists a neighborhood around x that is entirely 

contained in S. 

1. A set S is open if for every x ∈ S, ∃ ε > 0 such that (x - ε, x + ε) ⊆ S. 

2. Open sets can be thought of as sets where every point has some "wiggle room" around it. 



 

 

 

Closed Sets 

A set S is closed if it contains all its limit points. 

1. A set S is closed if it contains all its limit points. 

2. A limit point of S is a point x such that every neighborhood of x contains at least one point of 

S other than x itself. 

Examples 

Open Sets 

1. The interval (0, 1) is open because for any x ∈ (0, 1), you can find a small enough ε > 0 such 

that (x - ε, x + ε) is contained in (0, 1). 

2. The set of all real numbers, ℝ, is both open and closed. 

Closed Sets 

1. The interval [0, 1] is closed because it contains all its limit points, including 0 and 1. 

2. The set {0, 1, 2} is closed because it contains all its limit points (in this case, none outside the 

set itself). 

Important Properties 

1. The union of any collection of open sets is open. 

2. The intersection of any finite collection of open sets is open. 

3. The intersection of any collection of closed sets is closed. 

4. The union of any finite collection of closed sets is closed. 

Q:1. The union of any collection of open sets is open. 

Proof:Let {Uᵢ} be a collection of open sets and let U = ∪Uᵢ. 



 

 

For any x ∈ U, there exists some i such that x ∈ Uᵢ. 

Since Uᵢ is open, there exists ε > 0 such that (x - ε, x + ε) ⊆ Uᵢ ⊆ U. 

Therefore, U is open. 

 

Q:2. Intersection of any finite collection of open sets is open. 

Proof :Let {U₁, U₂, ..., Uₙ} be a finite collection of open sets and let U = ∩Uᵢ. 

For any x ∈ U, x ∈ Uᵢ for all i. 

Since each Uᵢ is open, there exists εᵢ > 0 such that (x - εᵢ, x + εᵢ) ⊆ Uᵢ. 

Let ε = min{ε₁, ε₂, ..., εₙ} > 0. 

Then, (x - ε, x + ε) ⊆ Uᵢ for all i, so (x - ε, x + ε) ⊆ U. 

Therefore, U is open. 

Q:3. The intersection of any collection of closed sets is closed. 

Proof :Let {Fᵢ} be a collection of closed sets and let F = ∩Fᵢ. 

Let x be a limit point of F. 

Then, x is a limit point of each Fᵢ, since F ⊆ Fᵢ for all i. 

Since each Fᵢ is closed, x ∈ Fᵢ for all i. 

Therefore, x ∈ F, so F is closed. 

Q:4.The union of any finite collection of closed sets is closed. 

Proof :Let {F₁, F₂, ..., Fₙ} be a finite collection of closed sets and let F = ∪Fᵢ. 

Let x be a limit point of F. 

Then, every neighborhood of x contains infinitely many points of F. 



 

 

Since F is the union of finitely many sets, at least one Fᵢ must contain infinitely many of these 

points. 

Therefore, x is a limit point of Fᵢ, and since Fᵢ is closed, x ∈ Fᵢ ⊆ F. 

So, F is closed. 

Compactness 

Definition: A set S is compact if every open cover of S has a finite sub cover. 

1. An open cover of S is a collection of open sets {Uᵢ} such that S ⊆ ∪Uᵢ. 

2. A finite sub cover is a finite subset of {Uᵢ} that still covers S. 

Examples 

1. Closed intervals [a, b] are compact. 

2. Finite sets are compact. 

Properties 

1. Compact sets are closed and bounded. 

2. Continuous functions map compact sets to compact sets. 

Connectedness 

Definition: A set S is connected if it cannot be written as the union of two disjoint non-empty 

open sets. 

1. A set S is disconnected if there exist open sets U and V such that S ⊆ U ∪ V, S ∩ U ≠ ∅, S ∩ 

V ≠ ∅, and S ∩ U ∩ V = ∅. 

2. Connected sets are "one piece" in some sense. 

Examples: 1. Intervals (a, b), [a, b], (a, b], and [a, b) are connected.  

2. The set of rational numbers is not connected. 



 

 

Properties 

1. Continuous functions map connected sets to connected sets. 

2. Connected sets are useful in understanding the behavior of functions. 

Important Theorems 

Q:1 Heine-Borel Theorem:A subset of ℝ is compact if and only if it is closed and bounded. 

Proof:(Compactness implies closed and bounded) 

1. Let K be a compact subset of ℝ. 

2. To show K is bounded: Suppose K is not bounded. Then, consider the open cover {(-n, 

n)}ₙ₌₁^∞. Since K is compact, there exists a finite subcover {(-n₁, n₁), ..., (-nₖ, nₖ)}. Let N = 

max{n₁, ..., nₖ}. Then, K ⊆ (-N, N), which implies K is bounded. 

3. To show K is closed: Let x be a limit point of K. Suppose x ∉ K. Then, consider the open 

cover {(−∞, x - 1/n) ∪ (x + 1/n, ∞)}ₙ₌₁^∞. Since K is compact, there exists a finite subcover 

{(−∞, x - 1/N) ∪ (x + 1/N, ∞)}. This implies K ∩ (x - 1/N, x + 1/N) = ∅, contradicting x being a 

limit point of K. 

(Closed and bounded implies compactness) 

1. Let K be a closed and bounded subset of ℝ. 

2. Since K is bounded, K ⊆ [-M, M] for some M > 0. 

3. Suppose {Uᵢ} is an open cover of K. If K cannot be covered by finitely many Uᵢ, then at least 

one of the intervals [-M, 0] or [0, M] cannot be covered by finitely many Uᵢ. Let I₁ be such an 

interval. 

4. Repeat step 3 by dividing I₁ into two equal subintervals. Continue this process to generate a 

sequence of nested intervals {Iₙ} such that K ∩ Iₙ cannot be covered by finitely many Uᵢ. 

5. Since K is closed and bounded, ∩Iₙ contains a point x ∈ K. 



 

 

6. Since {Uᵢ} covers K, x ∈ Uᵢ for some i. Since Uᵢ is open, there exists ε > 0 such that (x - ε, x + 

ε) ⊆ Uᵢ. 

7. For sufficiently large n, Iₙ ⊆ (x - ε, x + ε) ⊆ Uᵢ, contradicting the assumption that K ∩ Iₙ 

cannot be covered by finitely many Uᵢ. 

The Heine-Borel Theorem provides a characterization of compact sets in ℝ, which is essential in 

real analysis and topology. 

Q:2. Intermediate Value Theorem 

Statement : If f is continuous on [a, b] and k is between f(a) and f(b), then there exists c ∈ [a, b] 

such that f(c) = k. 

Proof: Case 1: f(a) < k < f(b) 

Define a set S = {x ∈ [a, b] : f(x) ≤ k}. S is non-empty since a ∈ S (because f(a) < k). 

S is bounded above by b. By the completeness property of ℝ, S has a least upper bound, say c. 

We claim f(c) = k. 

Suppose f(c) < k. Then, by continuity of f, there exists δ > 0 such that f(x) < k for all x ∈ (c - δ, c 

+ δ) ∩ [a, b]. This implies c + δ/2 ∈ S, contradicting c being an upper bound of S. 

Suppose f(c) > k. Then, by continuity of f, there exists δ > 0 such that f(x) > k for all x ∈ (c - δ, c 

+ δ) ∩ [a, b]. This implies c - δ/2 is an upper bound of S, contradicting c being the least upper 

bound. 

Case 2: f(b) < k < f(a) 

The proof is similar to Case 1, or you can apply Case 1 to the function -f(x). 

The Intermediate Value Theorem guarantees the existence of a point c where f(c) = k, given the 

continuity of  f on [a, b] and k being between f(a) and f(b). This theorem has numerous 

applications in analysis and other areas of mathematics. 

 



 

 

Question 3 :Prove that a compact subset of ℝ is bounded. 

Solution: Let K be a compact subset of ℝ. Suppose K is not bounded. Then, consider the open 

cover {(-n, n)}ₙ₌₁^∞. Since K is compact, there exists a finite subcover {(-n₁, n₁), ..., (-nₖ, nₖ)}. 

Let N = max{n₁, ..., nₖ}. Then, K ⊆ (-N, N), which implies K is bounded. 

Question 4:Determine whether the set (0, 1) is compact. 

Solution : The set (0, 1) is not compact because it is not closed. Consider the sequence 

{1/n}ₙ₌₁^∞ ⊂ (0, 1), which converges to 0 ∉ (0, 1). Alternatively, consider the open cover {(1/n, 

1)}ₙ₌₂^∞, which has no finite sub cover. 

Question 5: Let f: [a, b] → ℝ be continuous. Prove that f attains its maximum and minimum 

values on [a, b]. 

Solution: Since f is continuous on [a, b] and [a, b] is compact, f([a, b]) is compact. Therefore, 

f([a, b]) is closed and bounded. Since f([a, b]) is bounded, it has a least upper bound M and a 

greatest lower bound m. Since f([a, b]) is closed, M ∈ f([a, b]) and m ∈ f([a, b]). Hence, there 

exist x₁, x₂ ∈ [a, b] such that f(x₁) = M and f(x₂) = m. 

Question 6: Show that the set [0, 1] ∪ [2, 3] is compact. 

Solution:The set [0, 1] ∪ [2, 3] is closed and bounded. By the Heine-Borel Theorem, it is 

compact. 

    UNIT-2 

Real Sequences 

Definition: A real sequence is a function from ℕ (or a subset of ℕ) to ℝ. 

A sequence is often denoted as {aₙ} or {a₁, a₂, a₃, ...}. 

Limit of a Sequence 

Definition :A sequence {aₙ} converges to a limit L if for every ε > 0, there exists N ∈ ℕ such 

that |aₙ - L| < ε for all n ≥ N. 



 

 

If {aₙ} converges to L, we write limₙ→∞ aₙ = L or aₙ → L as n → ∞. 

Examples 

1. The sequence {1/n} converges to 0 because for any ε > 0, we can choose N > 1/ε. 

2. The sequence {(-1)ⁿ} does not converge because it oscillates between -1 and 1. 

Convergence of a Sequence 

Definition: A sequence {aₙ} is said to converge if there exists a real number L such that limₙ→∞ 

aₙ = L. 

Properties 

1. Uniqueness of Limit: If a sequence converges, its limit is unique. 

2. Boundedness: A convergent sequence is bounded. 

3. Algebraic Operations: If {aₙ} and {bₙ} converge to A and B, respectively, then {aₙ + bₙ} 

converges to A + B, {aₙbₙ} converges to AB, and {aₙ/bₙ} converges to A/B (if B ≠ 0). 

Examples of Convergent Sequences 

1. {1/n} converges to 0. 

2. {(n+1)/n} converges to 1. 

3. {2ⁿ/n!} converges to 0. 

Examples of Divergent Sequences 

1. {(-1)ⁿ} diverges because it oscillates. 

2. {n} diverges to ∞. 

3. {2ⁿ} diverges to ∞. 

Understanding the limit and convergence of sequences is fundamental in real analysis, as it lays 

the groundwork for more advanced topics like series, continuity, and calculus. 



 

 

Monotonic Sequences 

Definition: A sequence {aₙ} is said to be monotonic if it is either monotonically increasing or 

monotonically decreasing. 

Types of Monotonic Sequences 

1. Monotonically Increasing: A sequence {aₙ} is monotonically increasing if aₙ ≤ aₙ₊₁ for all n. 

2. Monotonically Decreasing: A sequence {aₙ} is monotonically decreasing if aₙ ≥ aₙ₊₁ for all n. 

3. Strictly Increasing: A sequence {aₙ} is strictly increasing if aₙ < aₙ₊₁ for all n. 

4. Strictly Decreasing: A sequence {aₙ} is strictly decreasing if aₙ > aₙ₊₁ for all n. 

 

Examples 

Monotonically Increasing 

1. {1, 2, 3, 4, ...} (strictly increasing) 

2. {1, 1, 2, 2, 3, 3, ...} (monotonically increasing) 

Monotonically Decreasing 

1. {4, 3, 2, 1, ...} (strictly decreasing) 

2. {4, 4, 3, 3, 2, 2, ...} (monotonically decreasing) 

Properties 

1. A monotonic sequence is convergent if and only if it is bounded. 

2. A bounded monotonic sequence converges to its supremum (if increasing) or infimum (if 

decreasing). 

 

 



 

 

Important Result 

Monotone Convergence Theorem 

If {aₙ} is a monotonic sequence that is bounded, then {aₙ} converges. 

Proof: Case: 1: {aₙ} is monotonically increasing. Since {aₙ} is bounded, there exists M ∈ ℝ such 

that aₙ ≤ M for all n. Let S = {aₙ : n ∈ ℕ}. Then, S is a non-empty subset of ℝ that is bounded 

above.By the completeness property of ℝ, S has a least upper bound, say L.We claim that 

limₙ→∞ aₙ = L. 

Proof of limₙ→∞ aₙ = L 

 For any ε > 0, L - ε is not an upper bound of S.Therefore, there exists N ∈ ℕ such that aₙ > L - ε 

for some N. Since {aₙ} is monotonically increasing, aₙ ≥ aₙ > L - ε for all n ≥ N. Also, aₙ ≤ L < L 

+ ε for all n. Hence, |aₙ - L| < ε for all n ≥ N. 

Case 2: {aₙ} is monotonically decreasing.The proof is similar to Case 1, or you can apply Case 1 

to the sequence {-aₙ}. 

Example Consider the sequence {aₙ} defined by aₙ = 1 - 1/n. This sequence is monotonically 

increasing and bounded above by 1. By the Monotone Convergence Theorem, {aₙ} converges to 

its least upper bound, which is 1. 

Question 1 

Prove that the sequence {aₙ} defined by aₙ = 1 - 1/n converges. 

Solution: The sequence {aₙ} is monotonically increasing because aₙ₊₁ - aₙ = 1/(n+1)n > 0.The 

sequence {aₙ} is bounded above by 1 because aₙ = 1 - 1/n < 1 for all n.By the Monotone 

Convergence Theorem, {aₙ} converges. 

Question 2 

Show that the sequence {aₙ} defined by aₙ = 1 + 1/2 + ... + 1/n does not converge. 



 

 

Solution: The sequence {aₙ} is monotonically increasing because aₙ₊₁ - aₙ = 1/(n+1) > 

0.However, {aₙ} is not bounded above (it is the harmonic series, which diverges). Therefore, 

{aₙ} does not converge. 

Question 3 

Let {aₙ} be a sequence defined by a₁ = 1 and aₙ₊₁ = √(2 + aₙ). Show that {aₙ} converges. 

Solution: We can show that {aₙ} is monotonically increasing and bounded above by 2. By the 

Monotone Convergence Theorem, {aₙ} converges. 

Question 4 

Find the limit of the sequence {aₙ} defined by aₙ = (1 + 1/n)ⁿ. 

Solution: The sequence {aₙ} is monotonically increasing and bounded above by e. 

By the Monotone Convergence Theorem, {aₙ} converges to e. 

Cauchy's General Principle of Convergence 

Statement:A sequence {aₙ} converges if and only if for every ε > 0, there exists N ∈ ℕ such that 

|aₙ - aₘ| < ε for all n, m ≥ N. 

Proof:  (Convergence implies Cauchy condition): Suppose {aₙ} converges to L. For any ε > 0, 

there exists N ∈ ℕ such that |aₙ - L| < ε/2 for all n ≥ N. Then, for all n, m ≥ N, |aₙ - aₘ| ≤ |aₙ - L| + 

|L - aₘ| < ε/2 + ε/2 = ε. 

 (Cauchy condition implies convergence) 

 Suppose {aₙ} satisfies the Cauchy condition. Then, {aₙ} is bounded (take ε = 1, then |aₙ - aₘ| < 1 

for all n, m ≥ N). By the Bolzano-Weierstrass theorem, {aₙ} has a convergent subsequence {aₙₖ} 

converging to L. We claim that {aₙ} converges to L. 

Proof of limₙ→∞ aₙ = L 



 

 

For any ε > 0, there exists N₁ ∈ ℕ such that |aₙ - aₘ| < ε/2 for all n, m ≥ N₁.There exists N₂ ∈ ℕ 

such that |aₙₖ - L| < ε/2 for all k ≥ N₂. Let N = max{N₁, N₂}. Then, for all n ≥ N, |aₙ - L| ≤ |aₙ - aₙₖ| 

+ |aₙₖ - L| < ε. 

Example 

Consider the sequence {aₙ} defined by aₙ = 1 + 1/2! + ... + 1/n!. This sequence satisfies the 

Cauchy condition and converges. 

Questions with Answers 

Q1: Prove that the sequence {aₙ} defined by aₙ = 1/n satisfies the Cauchy condition. 

Solution : For any ε > 0, choose N > 2/ε. Then, for all n, m ≥ N, |aₙ - aₘ| ≤ |1/n| + |1/m| < ε. 

Q2: Show that the sequence {aₙ} defined by aₙ = (-1)ⁿ does not satisfy the Cauchy condition. 

Solution: For any N, |aₙ - aₘ| = 2 for n = N and m = N + 1 if N is even. 

Cauchy's General Principle of Convergence provides a necessary and sufficient condition for 

convergence, which is useful in determining the convergence of sequences. 

Continuous Functions on Closed Intervals 

Properties 

Q: Boundedness: If f is continuous on [a, b], then f is bounded on [a, b]. 

Proof: Assume f is not bounded.Suppose f is continuous on [a, b] but not bounded. 

Then, for every n ∈ ℕ, there exists xₙ ∈ [a, b] such that |f(xₙ)| > n. 

Constructing a contradiction 

1. Since {xₙ} is a sequence in [a, b], which is closed and bounded, {xₙ} has a convergent 

subsequence {xₙₖ} converging to some x ∈ [a, b]. 

2. Since f is continuous at x, f(xₙₖ) → f(x) as k → ∞. 

3. However, |f(xₙₖ)| > nₖ for all k, which implies f(xₙₖ) does not converge. 

Conclusion 

1. This contradicts the fact that f(xₙₖ) → f(x). 



 

 

2. Therefore, our assumption that f is not bounded must be false. 

Final result 

f is bounded on [a, b]. 

The Boundedness Theorem guarantees that a continuous function on a closed interval is 

bounded, which is a fundamental property in real analysis. 

Q: Extreme Value Theorem: If f is continuous on [a, b], then f attains its maximum and 

minimum values on [a, b]. 

Proof 

Step 1: Boundedness: Since f is continuous on [a, b], f is bounded on [a, b] (by the Boundedness 

Theorem). Let M = sup{f(x) : x ∈ [a, b]} and m = inf{f(x) : x ∈ [a, b]}. We claim that there 

exists x₁ ∈ [a, b] such that f(x₁) = M. Suppose not. Then, f(x) < M for all x ∈ [a, b]. Consider the 

function g(x) = 1/(M - f(x)), which is continuous on [a, b]. Since g(x) is continuous on [a, b], 

g(x) is bounded on [a, b]. However, since f(x) can be arbitrarily close to M, g(x) can be 

arbitrarily large, contradicting the bounded ness of g(x).Attaining the minimum value 

The proof is similar to Step 2, or you can apply Step 2 to the function -f(x). 

Conclusion: f attains its maximum and minimum values on [a, b].The Extreme Value Theorem 

guarantees that a continuous function on a closed interval attains its maximum and inimum 

values, which is a fundamental property in real analysis and optimization. 

Q: Intermediate Value Theorem: If f is continuous on [a, b] and k is between f(a) and f(b), 

then there exists c ∈ [a, b] such that f(c) = k. 

Proof: 

Without loss of generality, assume f(a) < k < f(b). Let S = {x ∈ [a, b] : f(x) < k}. 

 S is non-empty since a ∈ S (because f(a) < k). S is bounded above by b. 

 By the completeness property of ℝ, S has a least upper bound, say c. 

Claim: f(c) = k 



 

 

 Suppose f(c) < k. Then, there exists δ > 0 such that f(x) < k for all x ∈ (c - δ, c + δ) ∩ [a, b]. This 

implies c + δ/2 ∈ S, contradicting the fact that c is an upper bound of S. 

Suppose f(c) > k, Then, there exists δ > 0 such that f(x) > k for all x ∈ (c - δ, c + δ) ∩ [a, b]. This 

implies c - δ is an upper bound of S, contradicting the fact that c is the least upper bound of S. 

Conclusion  f(c) = k. 

The Intermediate Value Theorem guarantees that a continuous function on a closed interval takes 

on all values between its endpoint values, which has numerous applications in mathematics and 

science. 

Q1: Prove that the function f(x) = x² is bounded on [0, 1]. 

A1: Since f is continuous on [0, 1] and [0, 1] is closed, f is bounded on [0, 1]. Specifically, 0 ≤ 

f(x) ≤ 1 for all x ∈ [0, 1]. 

Q2: Show that the function f(x) = x³ attains its maximum and minimum values on [-1, 1]. 

A2: Since f is continuous on [-1, 1] and [-1, 1] is closed, f attains its maximum and minimum 

values on [-1, 1]. The minimum value is f(-1) = -1, and the maximum value is f(1) = 1. 

Q3: Prove that the equation x³ + x - 1 = 0 has a root in [0, 1]. 

 A3: Let f(x) = x³ + x - 1. Then, f(0) = -1 and f(1) = 1. By the Intermediate Value Theorem, there 

exists c ∈ [0, 1] such that f(c) = 0. 

Q4: Show that the function f(x) = 1/x is not bounded on (0, 1). 

A4: Since f is not defined at x = 0, and (0, 1) is not closed, f is not bounded on (0, 1). 

Specifically, f(x) → ∞ as x → 0⁺. 

These questions demonstrate the application of properties of continuous functions on closed 

intervals, including boundedness, extreme values, and intermediate values. 

Q:5What does the Intermediate Value Theorem state? 



 

 

A5: The Intermediate Value Theorem states that if f is continuous on [a, b] and k is between f(a) 

and f(b), then there exists c ∈ [a, b] such that f(c) = k. 

Q6: Is the function f(x) = 1/x continuous on [0, 1]? 

A6: No, the function f(x) = 1/x is not continuous on [0, 1] because it is not defined at x = 0. 

Q7: Does the function f(x) = x² attain its maximum and minimum values on [-1, 1]? 

A7: Yes, the function f(x) = x² attains its maximum value 1 at x = ±1 and its minimum value 0 at 

x = 0. 

Q8: Prove that the equation x³ + x - 1 = 0 has a root in [0, 1]. 

A8: Let f(x) = x³ + x - 1. Then, f(0) = -1 and f(1) = 1. By the Intermediate Value Theorem, there 

exists c ∈ [0, 1] such that f(c) = 0. 

UNITL-III 

Exact Differential Equations 

A differential equation of the form M(x, y)dx + N(x, y)dy = 0 is said to be exact if there exists a 

function f(x, y) such that ∂f/∂x = M and ∂f/∂y = N. 

Condition for Exactness 

M(x, y)dx + N(x, y)dy = 0 is exact if and only if ∂M/∂y = ∂N/∂x. 

Solution of Exact Differential Equations 

If M(x, y)dx + N(x, y)dy = 0 is exact, then the solution is given by f(x, y) = ∫M(x, y)dx + ∫N(x, 

y)dy (terms not containing x in N are considered). 

Q:1 (2xy + y²)dx + (x² + 2xy)dy = 0 

Solution: Step 1: Check for exactness 

∂M/∂y = ∂(2xy + y²)/∂y = 2x + 2y 

∂N/∂x = ∂(x² + 2xy)/∂x = 2x + 2y 

Since ∂M/∂y = ∂N/∂x, the equation is exact. 

 



 

 

Step 2: Find the function f(x, y) 

∂f/∂x = M = 2xy + y² 

∂f/∂y = N = x² + 2xy 

Step 3: Integrate M with respect to x 

f(x, y) = ∫(2xy + y²)dx = x²y + xy² + g(y) 

Step 4: Differentiate f(x, y) with respect to y and equate to N 

∂f/∂y = x² + 2xy + g'(y) = x² + 2xy 

g'(y) = 0 

Step 5: Solve for g(y) 

g(y) = C (constant) 

Step 6: Write the solution 

x²y + xy² = C 

The solution to the differential equation (2xy + y²)dx + (x² + 2xy)dy = 0 is x²y + xy² = C. 

 



 

 

 

 



 

 

 

  



 

 

 

 



 

 

 

 

 



 

 

 

 

 

 



 

 

 

 

 



 

 

 

 



 

 

 



 

 

 

 

 

 

   UNIT_4 
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