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Preface

I am glad to present this book, especially designed to serve the needs of the students. The book
has been written keeping in mind the general weakness in understanding the fundamental
concepts of the topics. The book is self-explanatory and adopts the “Teach Yourself” style. It is
based on question-answer pattern. The language of book is quite easy and understandable based
on scientific approach.

Any further improvement in the contents of the book by making corrections, omission
and inclusion is keen to be achieved based on suggestions from the readers for which the author
shall be obliged.

| acknowledge special thanks to Mr. Rajeev Biyani, Chairman& Dr. Sanjay Biyani,

Director (Acad.) Biyani Group of Colleges, who are the backbones and main concept provider
and also have been constant source of motivation throughout this endeavor. They played an
active role in coordinating the various stages of this endeavor and spearheaded the publishing
work.

I look forward to receiving valuable suggestions from professors of various educational
institutions, other faculty members and students for improvement of the quality of the book. The

reader may feel free to send in their comments and suggestions to the under mentioned address.

Author
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Concept of compactness and connectedness. Heine-Borel theorem. (15 Lectures)
Unit - 1

Real sequences- Limit and Convergence of a sequence, Monotonic sequences. Cauchy’s
sequences, Subsequences, Cauchy’s general principle of convergence. Continuous functions:

Properties of continuous functions on closed intervals. (15 Lectures)
Unit -1

Exact differential equations and equations which can be made exact. First order but higher
degree differential equations solvable for x,y and p. Linear differential equations with constant
coefficients, Complementary function and Particular integral. (15
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Homogeneous linear differential equations, Linear differential equations of second order.
Solution by transformation of the equation by changing the dependent variable/the independent
variable, Method of variation of parameters, Method of undetermined coefficients.
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UNIT-1

BOUNDED SETS

Definition : A subset A of R is said to be Bounded above if there exists an element a € R such
that Then a is called an upper bound of A. A is said to be bounded below if there exists an
element B € R such that . B is called a lower bound of A. A is said to be bounded if it is both
bounded above and bounded below.

Least Upper Bound and Greatest Lower Bound: Definition: Let A be a subset of R and u is
called the least upper bound or supremum of A if i. u is an upper bound of A. ii. if then v is not
an upper bound of A. Let A is a subset of R and is called the greatest lower bound or infimum of
A if i. l'is a lower bound of A. ii. if then m is not a lower bound of A.

Examples: 1. Let A={1, 3,5, 6}. Thenglbof A=1and lubof A=6 2. Let A=(0,1). Then glb
of A =0 and lub of A = 1. In this case both glb and lub do not belong to A.

Bounded Functions: Definition: Let be any function. Then the range of f is a subset of R. f is
said to be bounded function if its range is a bounded subset of R. Hence f is a bounded function

iff there exists a real number m such that

Examples: 1. f: [0,1] R given by f(x) = x + 2 is a bounded function where as f : R given by is not

a bounded function.

2. f:R R defined by f(x) =sin x is a bounded function. Since Absolute Value: Definition: For any

real number x we defined the modulus or the absolute value of x denoted by |x| as follows .



Question 10. How do limits of functions relate to limits of sequences?

Theorem 11
Let § C B, e a cluster point of S, and let f: § — B. Then, the following are equivalent:

1. lim,_. f(x) = L and

2. for every sequence {r,} in § {c} such that z, = ¢, we have f{z,) = L.

Proof: (1. = 2.): Suppose lim, . f(z) = L. Let {x,} be a sequence in 5 {¢} such that , — c. We want
to show that f{x,) = L. Let € > 0. Given lim,_,, f(x,) = L, 3§ = 0 such that if x € § and 0 < |z - ¢ < § then
|flx) = L| < e. Since &q —+ ¢, IMy € M such that ¥ = My, 0 < |re —¢f < 4.
Choose M = Mp. Then, ¥n = M, if 0 < |z, — ¢ < 4 then |f(z,) - L| < ¢. Thus, f{z,) = L.
(2. = L.): Suppose 2. holds, and assnme for the sake of contradiction that 1) is false. Then, Jeg = 0 such
that 8 = (), 3r € § such that
D<|z—el < and |f(z)- L] = &.

Then, ¥n € N, 3z, € § such that 0 < |z, — ¢/ < L and |f(z,) - L| = €. By the Squeeze Theorem applied to
1
0< |z, — ¢ < =,
n

£y =+ . Then, by 2.,
0= lim |f(za)~ L] 2 ¢

Fl—+30

which is a contradiction. O



Definition 1 [Bounded Funetions)
A function f: 5 — E iz bounded if 3B = 0 such that for all z € §,

flz)l < B.

Theorem 2
If f:[a,b] — B is continuous then f is bounded.

Proof: Suppose for the sake of contradiction that f : [a, b — B is continuous and f is unbounded. Then, ¥n € H,
Jrw € [a,b] such that |f(xs)| = n. By the Bolzano-Weierstrass theorem, 3 a subsequence {zn, e of {#s }n and an
r € K such that x,, = 2. Sincea <z, <bforallk a<r<h Given f is continnous at = by assumption,

flz) = kliﬂ__f{rnk} = |flz)|= *Ilﬁ;': |f(Zn,)

Therefore, {|f(z,, )|} is bounded, and thus {n.} is bounded since ny < |f(z,,)|. But by the definition of a
subsequence, we must have k < ny for all k, contradicting the boundedness of {ng}. O

Definition 3 [Absolute Minimum, Maximnm)
Let f: 8 = R. Then, [ achieves an absolute minimum at ¢ if ¥z € 8, f(z) = f(e). Similarly, f achieves an
absolute maximum at d if vz € 5§, f(z) < f(d).

Bolzano-Weierstrass Theorem :
Statement: Every bounded infinite set of real numbers has a limit point.
Definition

A limit point of a set S is a point x such that every neighborhood of x contains infinitely

many points of S.



Proof:

Let S be a bounded infinite set of real numbers. Then, S is contained in some closed

interval [a, b].
We will construct a limit point using the following steps:
1. Divide the interval [a, b] into two equal subintervals: [a, (a+b)/2] and [(a+b)/2, b].

2. Since S is infinite, at least one of these subintervals contains infinitely many points of S.

Choose one such subinterval and label it [ai, b:].
3. Repeat step 1 with the subinterval [ai, bi], dividing it into two equal subintervals.
4. Again, choose the subinterval that contains infinitely many points of S and label it [a2, b2].

5. Continue this process, generating a sequence of nested intervals [ax, bx] such that each interval

contains infinitely many points of S.
Existence of a Limit Point

The sequence of nested intervals [ax, bk] has a unique limit point ¢, which can be shown

to be a limit point of S.

For any € > 0, the interval (c - €, ¢ + ¢€) contains infinitely many points of S, since it

contains [ax, bi] for sufficiently large k. Therefore, c is a limit point of S.

The result shows that every bounded infinite set of real numbers has a limit point, which

is a fundamental property in real analysis.
Open Sets

A set S is open if for every point X in S, there exists a neighborhood around x that is entirely

contained in S.
1. Aset Sisopenif foreveryx € S, 3 ¢>0such that (x-&,x+¢g) S S,

2. Open sets can be thought of as sets where every point has some "wiggle room™ around it.



Closed Sets
A set Sis closed if it contains all its limit points.
1. Aset Sis closed if it contains all its limit points.

2. A limit point of S is a point x such that every neighborhood of x contains at least one point of
S other than x itself.

Examples
Open Sets

1. The interval (0, 1) is open because for any x € (0, 1), you can find a small enough & > 0 such

that (X - €, x + €) is contained in (0, 1).

2. The set of all real numbers, R, is both open and closed.

Closed Sets

1. The interval [0, 1] is closed because it contains all its limit points, including 0 and 1.

2. The set {0, 1, 2} is closed because it contains all its limit points (in this case, none outside the
set itself).

Important Properties

1. The union of any collection of open sets is open.

2. The intersection of any finite collection of open sets is open.
3. The intersection of any collection of closed sets is closed.

4. The union of any finite collection of closed sets is closed.
Q:1. The union of any collection of open sets is open.

Proof:Let {Ui} be a collection of open sets and let U = uU..



For any x € U, there exists some i such that x € U;.
Since Ui is open, there exists € > 0 such that (x - &, x + €) € U; € U.

Therefore, U is open.

Q:2. Intersection of any finite collection of open sets is open.

Proof :Let {Ui, U, ..., U,} be a finite collection of open sets and let U = NU..
Forany x € U, x € U; for all i.

Since each U; is open, there exists & > 0 such that (x - &, x + &) € U..

Let € =min{ei, €2, ..., &} > 0.

Then, (x-¢g,x+¢g)c U;foralli,so (x-¢ x+¢) S U.

Therefore, U is open.

Q:3. The intersection of any collection of closed sets is closed.

Proof :Let {Fi} be a collection of closed sets and let F = NF,.

Let x be a limit point of F.

Then, x is a limit point of each F;, since F € F; for all i.

Since each F; is closed, x € F; for all i.

Therefore, X € F, so F is closed.

Q:4.The union of any finite collection of closed sets is closed.

Proof :Let {Fi, F>, ..., Fy} be a finite collection of closed sets and let F = UF;.
Let x be a limit point of F.

Then, every neighborhood of x contains infinitely many points of F.



Since F is the union of finitely many sets, at least one F; must contain infinitely many of these
points.

Therefore, x is a limit point of F;, and since F; is closed, X € Fi € F.

So, Fis closed.

Compactness

Definition: A set S is compact if every open cover of S has a finite sub cover.
1. An open cover of S is a collection of open sets {U;} such that S € UU..
2. A finite sub cover is a finite subset of {U;} that still covers S.
Examples

1. Closed intervals [a, b] are compact.

2. Finite sets are compact.

Properties

1. Compact sets are closed and bounded.

2. Continuous functions map compact sets to compact sets.
Connectedness

Definition: A set S is connected if it cannot be written as the union of two disjoint non-empty

open sets.

1. A set S is disconnected if there exist open sets Uand Vsuchthat SCUUV,SNU#@,SN
V£@,andSNUNV=0.

2. Connected sets are "one piece" in some sense.
Examples: 1. Intervals (a, b), [a, b], (a, b], and [a, b) are connected.

2. The set of rational numbers is not connected.



Properties

1. Continuous functions map connected sets to connected sets.

2. Connected sets are useful in understanding the behavior of functions.

Important Theorems

Q:1 Heine-Borel Theorem:A subset of R is compact if and only if it is closed and bounded.
Proof:(Compactness implies closed and bounded)

1. Let K be a compact subset of R.

2. To show K is bounded: Suppose K is not bounded. Then, consider the open cover {(-n,
n) }»-1"o0. Since K is compact, there exists a finite subcover {(-ni, m), ..., (-n, nk)}. Let N =

max{ni, ..., nc}. Then, K € (-N, N), which implies K is bounded.

3. To show K is closed: Let x be a limit point of K. Suppose x € K. Then, consider the open
cover {(—o, x - 1/n) U (x + 1/n, o) },-1"00. Since K is compact, there exists a finite subcover
{(-o0, x - 1/N) U (x + 1/N, o©)}. This implies K N (x - 1/N, x + 1/N) = @, contradicting x being a
limit point of K.

(Closed and bounded implies compactness)
1. Let K be a closed and bounded subset of R.
2. Since K is bounded, K < [-M, M] for some M > 0.

3. Suppose {Ui} is an open cover of K. If K cannot be covered by finitely many U;, then at least
one of the intervals [-M, 0] or [0, M] cannot be covered by finitely many U.. Let I be such an

interval.

4. Repeat step 3 by dividing I: into two equal subintervals. Continue this process to generate a

sequence of nested intervals {I,} such that K N I, cannot be covered by finitely many Us.

5. Since K is closed and bounded, NI, contains a point x € K.



6. Since {U;} covers K, x € U; for some i. Since U; is open, there exists € > 0 such that (x - g, x +
8) c Ui.

7. For sufficiently large n, I, € (X - €, x + €) € U;, contradicting the assumption that K N I,

cannot be covered by finitely many U.

The Heine-Borel Theorem provides a characterization of compact sets in R, which is essential in

real analysis and topology.
Q:2. Intermediate Value Theorem

Statement : If f is continuous on [a, b] and k is between f(a) and f(b), then there exists ¢ € [a, b]
such that f(c) = k.

Proof: Case 1: f(a) < k < f(b)

Define aset S = {x € [a, b] : f(x) <k}. S is non-empty since a € S (because f(a) < k).

S is bounded above by b. By the completeness property of R, S has a least upper bound, say c.
We claim f(c) = k.

Suppose f(c) < k. Then, by continuity of f, there exists > 0 such that f(x) <k forallx € (c- 9, ¢
+8) N [a, b]. This implies ¢ + &/2 € S, contradicting ¢ being an upper bound of S.

Suppose f(c) > k. Then, by continuity of f, there exists 6 > 0 such that f(x) >k forallx € (-9, ¢
+0) N [a, b]. This implies c - 8/2 is an upper bound of S, contradicting ¢ being the least upper

bound.

Case 2: f(b) < k < f(a)

The proof is similar to Case 1, or you can apply Case 1 to the function -f(x).

The Intermediate Value Theorem guarantees the existence of a point ¢ where f(c) = k, given the
continuity of fon [a, b] and k being between f(a) and f(b). This theorem has numerous

applications in analysis and other areas of mathematics.



Question 3 :Prove that a compact subset of R is bounded.

Solution: Let K be a compact subset of R. Suppose K is not bounded. Then, consider the open
cover {(-n, n)}»-1"0. Since K is compact, there exists a finite subcover {(-ni, m), ..., (-ng, ny)}.

Let N =max{nu, ..., n}. Then, K € (-N, N), which implies K is bounded.
Question 4:Determine whether the set (0, 1) is compact.

Solution : The set (0, 1) is not compact because it is not closed. Consider the sequence
{1/n},-1"00 c (0, 1), which converges to 0 & (0, 1). Alternatively, consider the open cover {(1/n,

1)} 4=2"00, which has no finite sub cover.

Question 5: Let f: [a, b] — R be continuous. Prove that f attains its maximum and minimum

values on [a, b].

Solution: Since f is continuous on [a, b] and [a, b] is compact, f([a, b]) is compact. Therefore,
f([a, b]) is closed and bounded. Since f([a, b]) is bounded, it has a least upper bound M and a

greatest lower bound m. Since f([a, b]) is closed, M € f([a, b]) and m € f([a, b]). Hence, there
exist X1, X2 € [a, b] such that f(x1) = M and f(x2) = m.

Question 6: Show that the set [0, 1] U [2, 3] is compact.

Solution:The set [0, 1] U [2, 3] is closed and bounded. By the Heine-Borel Theorem, it is

compact.

Real Sequences

Definition: A real sequence is a function from N (or a subset of N) to R.
A sequence is often denoted as {a.} or {ai, a2, as, ...}.

Limit of a Sequence

Definition :A sequence {a.} converges to a limit L if for every & > 0, there exists N € N such
that |a, - L| <¢ foralln>N.



If {a,} converges to L, we write lim,—o a, =L ora, — L asn — oo.

Examples

1. The sequence {1/n} converges to 0 because for any € > 0, we can choose N > 1/g.
2. The sequence {(-1)"} does not converge because it oscillates between -1 and 1.
Convergence of a Sequence

Definition: A sequence {a,} is said to converge if there exists a real number L such that lim,—o0

a,=L.

Properties

1. Uniqueness of Limit: If a sequence converges, its limit is unique.
2. Boundedness: A convergent sequence is bounded.

3. Algebraic Operations: If {a,} and {b,} converge to A and B, respectively, then {a, + bn}
converges to A + B, {a.b.} converges to AB, and {a./b,} converges to A/B (if B # 0).

Examples of Convergent Sequences

1. {1/n} converges to 0.

2. {(n+1)/n} converges to 1.

3. {2v/n!} converges to 0.

Examples of Divergent Sequences

1. {(-1)"} diverges because it oscillates.
2. {n} diverges to oo.

3. {2~} diverges to oo.

Understanding the limit and convergence of sequences is fundamental in real analysis, as it lays

the groundwork for more advanced topics like series, continuity, and calculus.



Monotonic Sequences

Definition: A sequence {a,} is said to be monotonic if it is either monotonically increasing or

monotonically decreasing.

Types of Monotonic Sequences

1. Monotonically Increasing: A sequence {a,} is monotonically increasing if a, < a,+ for all n.
2. Monotonically Decreasing: A sequence {a,} is monotonically decreasing if a, > a,+: for all n.
3. Strictly Increasing: A sequence {a,} is strictly increasing if a, < a,+1 for all n.

4. Strictly Decreasing: A sequence {a.} is strictly decreasing if a, > a,+1 for all n.

Examples

Monotonically Increasing

1. {1, 2, 3, 4, ...} (strictly increasing)

2.{1, 1, 2, 2, 3, 3, ...} (monotonically increasing)

Monotonically Decreasing

1. {4, 3, 2, 1, ...} (strictly decreasing)

2.{4, 4, 3, 3, 2, 2, ...} (monotonically decreasing)

Properties

1. A monotonic sequence is convergent if and only if it is bounded.

2. A bounded monotonic sequence converges to its supremum (if increasing) or infimum (if

decreasing).



Important Result
Monotone Convergence Theorem
If {a,} is a monotonic sequence that is bounded, then {a,} converges.

Proof: Case: 1: {a,} is monotonically increasing. Since {a,} is bounded, there exists M € R such
that a, <M for all n. Let S = {a, : n € N}. Then, S is a non-empty subset of R that is bounded
above.By the completeness property of R, S has a least upper bound, say L.We claim that

lim,—o0 a, = L.
Proof of lim,—x a, =L

For any € > 0, L - € is not an upper bound of S.Therefore, there exists N € N such that a,> L - ¢
for some N. Since {a,} is monotonically increasing, a, >a, > L - € for alln > N. Also, a, <L <L

+ ¢ for all n. Hence, |a, - L| <& for alln> N.

Case 2: {a,} is monotonically decreasing.The proof is similar to Case 1, or you can apply Case 1

to the sequence {-a.}.

Example Consider the sequence {a,} defined by a, = 1 - 1/n. This sequence is monotonically
increasing and bounded above by 1. By the Monotone Convergence Theorem, {a,} converges to

its least upper bound, which is 1.
Question 1
Prove that the sequence {a,} defined by a, = 1 - 1/n converges.

Solution: The sequence {a,} is monotonically increasing because an+1 - a, = 1/(n+1)n > 0.The
sequence {a,} is bounded above by 1 because a, = 1 - 1/n < 1 for all n.By the Monotone

Convergence Theorem, {a,} converges.
Question 2

Show that the sequence {a.} defined by a, =1+ 1/2 + ... + 1/n does not converge.



Solution: The sequence {a,} is monotonically increasing because a,+1 - a, = 1/(n+1) >
0.However, {a,} is not bounded above (it is the harmonic series, which diverges). Therefore,

{an} does not converge.
Question 3
Let {a,} be a sequence defined by a1 = 1 and a,1 = V(2 + a,). Show that {a,} converges.

Solution: We can show that {a,} is monotonically increasing and bounded above by 2. By the

Monotone Convergence Theorem, {a,} converges.

Question 4

Find the limit of the sequence {a,} defined by a, = (1 + 1/n)~.

Solution: The sequence {a,} is monotonically increasing and bounded above by e.
By the Monotone Convergence Theorem, {a,} converges to e.

Cauchy's General Principle of Convergence

Statement: A sequence {a,} converges if and only if for every € > 0, there exists N € N such that

|an - am| < € for all n, m > N.

Proof: (Convergence implies Cauchy condition): Suppose {a.} converges to L. For any € > 0,
there exists N € N such that |a, - L| <&/2 for all n > N. Then, for alln, m> N, |a, - am| <|a, - L| +
IL-am| <€&/2+e2=c¢.

(Cauchy condition implies convergence)

Suppose {a.} satisfies the Cauchy condition. Then, {a,} is bounded (take € = 1, then |a, - am| <1
for all n, m > N). By the Bolzano-Weierstrass theorem, {a,} has a convergent subsequence {an}

converging to L. We claim that {a,} converges to L.

Proof of lim,—x a, =L



For any € > 0, there exists N1 € N such that |a, - an| < &/2 for all n, m > Ni.There exists N> € N
such that |ay - L| < &/2 for all k > Na. Let N = max{Ni, N2}. Then, for alln>N, |a, - L| < |a, - an

+ Jank - L| <e.
Example

Consider the sequence {a,} defined by a, =1 + 1/2! + ... + 1/n!. This sequence satisfies the

Cauchy condition and converges.

Questions with Answers

QI1: Prove that the sequence {a,} defined by a, = 1/n satisfies the Cauchy condition.
Solution : For any € > 0, choose N > 2/¢. Then, for alln, m>N, |a, - an| < |1/n| + |1/m| <e.
Q2: Show that the sequence {a,} defined by a, = (-1)* does not satisfy the Cauchy condition.
Solution: For any N, |a, - am| =2 forn=N and m= N + 1 if N is even.

Cauchy's General Principle of Convergence provides a necessary and sufficient condition for

convergence, which is useful in determining the convergence of sequences.
Continuous Functions on Closed Intervals

Properties

Q: Boundedness: If f is continuous on [a, b], then f is bounded on [a, b].

Proof: Assume f is not bounded.Suppose f is continuous on [a, b] but not bounded.

Then, for every n € N, there exists X, € [a, b] such that [f(x.)| > n.

Constructing a contradiction

1. Since {x.} is a sequence in [a, b], which is closed and bounded, {x,} has a convergent
subsequence {X.} converging to some x € [a, b].

2. Since f'is continuous at X, f(x.) — f(x) as k — oo.

3. However, [f(xn)| > ni for all k, which implies f(x.) does not converge.

Conclusion

1. This contradicts the fact that f{x.) — f(x).



2. Therefore, our assumption that f is not bounded must be false.

Final result

f is bounded on [a, b].

The Boundedness Theorem guarantees that a continuous function on a closed interval is
bounded, which is a fundamental property in real analysis.

Q: Extreme Value Theorem: If f is continuous on [a, b], then f attains its maximum and

minimum values on [a, b].
Proof

Step 1: Boundedness: Since f is continuous on [a, b], f is bounded on [a, b] (by the Boundedness
Theorem). Let M = sup{f(x) : x € [a, b]} and m = inf{f(x) : x € [a, b]}. We claim that there
exists xi € [a, b] such that f(xi) = M. Suppose not. Then, f(x) <M for all x € [a, b]. Consider the
function g(x) = 1/(M - f(x)), which is continuous on [a, b]. Since g(x) is continuous on [a, b],
g(x) is bounded on [a, b]. However, since f(x) can be arbitrarily close to M, g(x) can be

arbitrarily large, contradicting the bounded ness of g(x).Attaining the minimum value
The proof is similar to Step 2, or you can apply Step 2 to the function -f(x).

Conclusion: f attains its maximum and minimum values on [a, b].The Extreme Value Theorem
guarantees that a continuous function on a closed interval attains its maximum and inimum

values, which is a fundamental property in real analysis and optimization.

Q: Intermediate Value Theorem: If f is continuous on [a, b] and k is between f(a) and f(b),
then there exists ¢ € [a, b] such that f(c) = k.

Proof:
Without loss of generality, assume f(a) < k < f(b). Let S={x € [a, b] : f(x) < k}.
S is non-empty since a € S (because f(a) < k). S is bounded above by b.

By the completeness property of R, S has a least upper bound, say c.

Claim: f(c) =k



Suppose f(c) < k. Then, there exists 6 > 0 such that f(x) <k for all x € (C - 3, ¢ + ) N [a, b]. This

implies ¢ + 8/2 € S, contradicting the fact that c is an upper bound of S.

Suppose f(c) >k, Then, there exists 6 > 0 such that f(x) >k for all x € (C - 5, ¢ + &) N [a, b]. This
implies ¢ - § is an upper bound of S, contradicting the fact that c is the least upper bound of S.

Conclusion f(c) = k.

The Intermediate Value Theorem guarantees that a continuous function on a closed interval takes
on all values between its endpoint values, which has numerous applications in mathematics and

science.
Q1: Prove that the function f(x) = x2 is bounded on [0, 1].

Al: Since f'is continuous on [0, 1] and [0, 1] is closed, fis bounded on [0, 1]. Specifically, 0 <
f(x) <1 forall x € [0, 1].

Q2: Show that the function f(x) = x® attains its maximum and minimum values on [-1, 1].

A2: Since f is continuous on [-1, 1] and [-1, 1] is closed, f attains its maximum and minimum

values on [-1, 1]. The minimum value is f(-1) = -1, and the maximum value is f(1) = 1.
Q3: Prove that the equation x3 + x - 1 = 0 has a root in [0, 1].

A3: Let f(x) =x3+ x - 1. Then, f(0) = -1 and f(1) = 1. By the Intermediate VValue Theorem, there
exists ¢ € [0, 1] such that f(c) = 0.

Q4: Show that the function f(x) = 1/x is not bounded on (0, 1).

A4: Since f is not defined at x = 0, and (0, 1) is not closed, f is not bounded on (0, 1).

Specifically, f(x) — o as x — 0.

These questions demonstrate the application of properties of continuous functions on closed

intervals, including boundedness, extreme values, and intermediate values.

Q:5What does the Intermediate Value Theorem state?



A5: The Intermediate Value Theorem states that if f is continuous on [a, b] and k is between f(a)
and f(b), then there exists ¢ € [a, b] such that f(c) = k.

QG6: Is the function f(x) = 1/x continuous on [0, 1]?
AB: No, the function f(x) = 1/x is not continuous on [0, 1] because it is not defined at x = 0.
Q7: Does the function f(x) = x2 attain its maximum and minimum values on [-1, 1]?

AT: Yes, the function f(x) = x? attains its maximum value 1 at x = £1 and its minimum value O at

x=0.
Q8: Prove that the equation x® + x - 1 = 0 has a root in [0, 1].

A8: Let f(x) = x3+ x - 1. Then, f(0) = -1 and f(1) = 1. By the Intermediate Value Theorem, there
exists ¢ € [0, 1] such that f(c) = 0.

UNITL-111

Exact Differential Equations

A differential equation of the form M(x, y)dx + N(x, y)dy = 0 is said to be exact if there exists a
function (X, y) such that 0f/0x = M and 0f/0y = N.

Condition for Exactness
M(x, y)dx + N(x, y)dy = 0 is exact if and only if OM/0y = ON/ox.
Solution of Exact Differential Equations

If M(x, y)dx + N(x, y)dy = 0 is exact, then the solution is given by f(x, y) = [M(x, y)dx + IN(x,
y)dy (terms not containing x in N are considered).

Q:1(2xy + y?)dx + (x2 + 2xy)dy =0
Solution: Step 1: Check for exactness
OM/0y = 0(2xy + y?)/0y = 2x + 2y
ON/OX = O(x* + 2xy)/0x = 2x + 2y

Since OM/0y = ON/0x, the equation is exact.



Step 2: Find the function f(x, y)

of/ox = M = 2xy + y?

of/oy = N =x* + 2xy

Step 3: Integrate M with respect to x

fix, y) =[2xy + y>)dx =2y + xy* + g(y)

Step 4: Differentiate f(x, y) with respect to y and equate to N
ofloy = x2 + 2xy + g'(y) = x2 + 2xy

g(y)=0

Step 5: Solve for g(y)

g(y) = C (constant)

Step 6: Write the solution

X2y +xy?2=C

The solution to the differential equation (2xy + y2)dx + (x2 + 2xy)dy = 0 is x2y + xy2 = C.

Example 5 : Solve p = tan {K*I_FF } .

Solution : The given equation can be written as

x=tan'p + 23

P
1+p?
Differentiating Eqn. (23) w.r. to y, we get
1 d 1+pH)—p(2p) d

e e T
_ 1+p°+1+p*-2p* dp

(I+p)?  dy

2 dp

T (I+poF dy

’Ip
=_<F __dn 24
== dy {_TTI P dp (24)

1
P

Note that Eqn. (24) is in variable separable form.
Integrating Eqn. (24), we get
1
Yy=C= ]:P?' [25}
¢ being an arbitrary constant.

It is mot possible to eliminate p between Eqns. (23) and (25). Thus, Eqns. (23) and (25)
together constitute the solution of the given equation in terms of parameter p.



Example 2 : Solve p* (x+2y) + 3p’(x+y) + (y+2x)p =10
Solution : The given equation is equivalent to
plp’(x+2y) + 3p(x+y) + (y+2x)] = 0

= plp’(x+2y) + p{(y+2x)+ (x+2y)} + (y+2x)] = 0
= p(p+1) [(x+2y)p + (y+2x)] = 0

Its component equations are

p=0,p+1=0,(x+2y)p + (y+2x) =0

Nowp=0= :-5 = 0, which has the solution

¥y=c ceene (5)
Hmp+]=ﬂ=ﬁ-%+1=ﬂ,

fe.,dy +dx =0,

which has the solution

y+x=¢ ceeen ()
Further, (x+2y)p + (y+2x) =0

== (x+2y)dy + (y+2x)dx = 0,

= d(xy+x*+y%) = 0.

which has the solution

xy+x +y'=¢ cenen ()
Therefore, the general solution of the given equation, from Eqpns. (5), (6) and (7), is
(y —€).(y+x - c).(xy+x*+y* —¢) = 0.

Example 7 : Solve y = 2p + 3p°

Solution : We have

y=2p+3* (32)
which is already in the form y = F(p). Following the method discussed in Sec. 4.3.1, we
differentiate it w.r.t x, so that

_odp o dp
p=2 +6de

dx -
p__dp
Dr2+6p dx

Here variable are separable and we have
2
dx=| = +6|d

Integrating, we get
x=6p+ 2ln|p| +c. e (33)
¢ being an arbitrary constant.

Since it is not possible to eliminate p from Egns. (32) and (33), these equations together
yield the required solution in terms of the parameter p.



Example 10 : Solve p* - 2xp+1 =0
Solution : The given equation is
pi-2xp+1=0

Solving for p, we get

=2xt {4:1:?—4 =::tJ?—_l

2
. Eitherp=x+ JX¥-1 or p=x-,/x"-1
Nowp=x+ ./ F—l, on integration yields

2
X
y= %+H_'lh é]nlx+ 1.")2"1 |+-L',

¢ being an arbitrary constant.
Similarly,p=x-/ x—1 yields
:.;_—— 2;,# -1+ Infx+Jx | + ¢,

Hence, the general solutfon of the given equation is
[+x Jx-1 =In|x + Vx*-1 | =2y + ¢;][x*=x Jx*-1 +In|x+ Jx—]|—2y+c,]~

where ¢, = 2c is an arbitrary constant.

Example 12 : Solve (v')* + dxy’ —4y = 0 oo (49)
Solution : With p = y', Eqn. (49) can be rewritten as
!f=px+}—lp2, ... (50)

which is in the Clairaut’s form. Differentiating Eqn. (50) w.r. to x, we get
p=p+p'x+ % P

=p (x+ 5)=0

Then either p’ = 0 which gives p = c (a constant) venes (51)
orx+ E 5 =) (52)
From Eqns (50) and (51), we obtain

y=cx + —

3
as the solution of Eqn. (50). Eliminating p from Eqns.(50) and (32), we get

y = x{-2x) + i{—zﬂ}z.
i.’:., :ﬂ:x] = '_xzs

which contains no arbitrary constant. Since this value of v satisfies Eqn. (50), it is the
singular solution of Eqn. (50).
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Ex 3. Solve: s 8y=0.

The auxiliary equation is m*—8=0, the ro ic
S e poiumy ot ots of which are
Hence the solution is

y=e"* (¢, c0s /3 X+¢y sin /3 x)+c, e,

v Ex. 4. Solve: (D*—2D*4D) y=e™.
Here the auxiliary equation is
m*—2m*+4+m=0
. m=0, m=1 repeated twice.
The complementary function is
¢y +(cyteq x) €.
The particular integral

2 1
=i ¢
. 1
'[T) yoes S w—n)'] =
1 1 1

ol = = o
-/ r'dx—e'/ effe*dx+—5-l:r [c'/e"r‘dx]

s aket T

e"-—* e~>,

=—e~*41 ¢~*4} &, since D,—l

=—] e



Ex. 5. Solve: —‘;;{ +nly=sec nx. (Nagpur 195

The auxiliary equation is
m*4-n*=0, orm= +in,
.. The complementary function is
¢, €os nx+4¢, sin nx,
The particular integral

1 L 1
.—m sec nx—m sec nx

o~ ;ln {ﬁiln _D-:-ln } gl

1 gine
Now ) o= e e A / cos nx

e o R
cos nx

=& { x+1(1/n) log cos nx }

dx

Similarly D_il-_ﬁ sec nx=¢~** { x—i (1/n) log cos nx }

s P. L=(1/n) { x sin nx+(1/n) (log cos nx) cos nx }
.. The eomplete solution is

y—c,rmnx-ir,sinnx-}-x'i""x-;- cos nx log cos nx )

n nt
-
-

# Ex. 6. Solve: %+J‘=(¢‘+l)’.
Written in symbolic form, this equation becomes
(D*41) y=g** 42741,
:; (D+1) (D*~D+1) y=e¥+4241.
ere the roots of £ (m)=0 -1 i
ence the compkmentafr; ﬁchtio.n";a BRI
€ € F4e*? (¢y cos § /3 X<4-cysin 3 3 x)
The particular integral

=BT (e e

- 2749 1 __ _1 [
B TS R X G v |
=3 et per 41

Hence the complete solution is
y=c, e*+e*" (c, cos § J(ix-{-e,’sin b /3 x)+1L e¥4et41.



i . dY :
Ex. 7. Solye : 7;‘-—4 g-}-y—n cos 2x.

Here f(D)=D'—4D4) _
. The roots of £ (m)=0 are 2+ yv3,
Hence the complementary function is

ot ( e e\’)—x_*_c.e—\’fx)
The particular integral E
1 1
By 2 it e ey e R

a moo:?x a. @D+3) GD—=3) cos 2x,

since (4D—3) and

are inverse operators ;

1
4D-—-3
=—q. {:1?:%1 €0s 2X=—q , l—oz_sz)alﬁ cos 2x
=1{a73) (4D—3) cos 2x= (a/73) . (—4 .2, sin 2x—3 cos 2x)
=—(a[73) (8 sin 2x+3 cos 2x).
The complete solution is

e ( ¢ eV o oV )—(a/73) (8 sin 2x4-3 cos 2x).

\/'Ex. 9. Solve : %—3 %4—4 gjy-e'-i—eosx

(Agra 1960)
The auxiliary equation is
M —3mP4am—2=0 or m=],14+i
Hence the C. F. is ¢; e*+¢, € cos (x+a).
1
= e x)
The P.I (D=1 (F—2D53) (e*+cos
1 cos X

1
TP=D1=2%2) s (—1—=2D+2) (D—-1)
1

= . 1 = ———e. + CO8 X
& (D41-1) oAk —2D*+3D—1
1 3D-1
=X e'+§-— F1 COos X=X e‘+§ﬁ:l cos X
- et 3 l;_l cos X =x e'—ll" (3 D—1) cos x

=X e‘+‘lo (3 sin x+4-cos x).
Hence the complete solution is Ve
Y=¢, €+, e° cos (X+a)+x &+ '% (3 sin x+cos x).



Ex. 10. Sove: 97 _ =x sin ¢
T~ Py ?‘,,/ < =

The complementary function is (¢, +é xﬁ:
The particular integral

-T—ITH X sin x

1 %
X . m sin x—2 (D—l) .m'

- (—-—. sinx )—2 (D—1) 4%* sin x.

=4 x cos x+} (D—1) sin x=} (x cos x+4cos x—sin x).
~.  The complete solution is
..V‘_(_"r!'fa_ f) :'-l-l (x cos x+4cos x—sin x).

aw o

vEzx. 11, Solve : %"f 3534(243-:' <l

o'I’lu:| aux:lnary equation is m*+43m'+4-2m=0 ; its roots are
me=0, —1, —:

Hence the complementary function is ¢;4¢; e*+cy e

The particular integral
1

“DsDGeD ™ <_"5'TFW
Ly ey

L[ PED Dy

zD [‘—D' 3D 4} (D46 D' +9D) +......... ]=
";T(l——ig-i'{-D’-}- ...... e

-3 (p-i+3 D)=

: [ ﬁ-x’— %x‘+~;’— . 2x]

1
i3 (@x*—9x*+21x).
The complete solution is

ye=cy+cy €40y e-*--q-';_‘Ta (2x3—90x+21)



- . O el o5
/Ex. 12. Solve: o 2dx+y Xt g%,

The auxiliary equation is m*—2m+-1=0. Its roots are m=1,
repeated twice.

<. The complementary function is (¢;+¢, x) &*
The particular integral
1
~p=api *

=gt __,w.-_l-— e X3 by the formula of this article ;

2! Paad D \—t
=¢"om.‘cﬂ-:‘- .( l+é ) x"

=,;L" (1-D+3. ‘i ——es ) 2

O, 22 S A T
o .T(x 2x+4‘.’) o (2 —ix43)

The complete solution is
Y=(c,+c; X) e+ je’ (2x* —4x+4-3).
COL i STUPIE . | o et et o
\/€x. 13. Solve : dx’-+' dx-}--ty 2 sinh 2x,

The equation, written in the symbolic form, is
(D*+4D+4) py=et*—e-22,
The complementary function is (¢, ¢, x) e,

1
T X R
he Pl = Y, ey (e —e~22)
1 1

— ate =3 s e Ll
D*-aD 44 o DifaD+14 € &

sk S T 1
B s L SR (7 7= 7 = 7 g SO

__l_ 2 plr 1 = e — alie 1
7 St (D')l— 6 —° E/ldx
-y eM—e £ xdx=[ e?—} x2 et
The complete solution is
y=(c1tecy x) e+ [y e — | x? g~22

LW s e s8s Lww.
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i1 Ex, 14. Solve: ax.-+ay cos ax.
The complementary function is ¢, sin ax-+¢, cos ax

1
The P.J.= Diiat cos ax
1 o
==Real part of Diigs (cos ax+i sin ax)

1 s

=Real part of T

1 - -
But s =57 (5 *)

-l "i% ) : (by Art. 37)

o 1 ias _.____.!.__._ o |
2z ¢ ' (D+¥ia)—ia

 SRpwnn _ix ;o
="fia e'0%, xo % (cos ax+4i sin ax)

The real pan=2ia sin ax.
~+  The complete solution is
y=2¢,; sin ax+¢, cos ax-i—% sin ax

[ On equating the imaginary part we could get
x

R__. e
Diiat sin gx= g, 0% ax ]

. Ay _ody
~ Ex. 14. Solve: 3 2dx+y X sin x.

The complementary function is easily found out as
(¢y+c; x) €.
The particular integral
1 2
=i *""*

A . 1 .
=The imaginary part of D=2pE1 * (cos x+1 sin x)

==The imaginary part of D=7 x

e'*



T —

.._‘E‘:_ {( l+D;)-'x }.on putting i—1=Fk
- {(1-22+......c )=}

-F (D

=(M_'in_"

A= Y[+ L 0-1 ) & rem—

= (LR E_SnX Y (xq140)

s, The imaginary part )

=|r§ [.‘I o8 X 4Cco8 X —8in x).
*  The complete solution is .
” Pﬂtcl-l-Pfl x) e#4+} (x cos x+cos x—sin x).

UNIT 4

LA o

~Ex: 1. Sol;Q;

d'y d’y dy

xt Ixd —x3 =

+2x3 i X ' +xy=1.
(Bombay 19861, Agra 1955, Mysore 1948)

Dividing both sides of the equation by x

d%y a* dy 1
T G —x Pdy= .

On changing the independent variable b i - :
ition is reduced to . ¢ Dy putting x=e¢*, this

(D (D=1) (D=2)42D (D—1)—D+1 ] yese-s,
(D—1)? (D+l)y=e“.) e

The C.F.=(c,+¢; 2) €+cs €*
—(c:+c: log x) xt&c, x-1

1 N N S
Pl=gp—tywsn ' D+l O-1P

g et 1 g etk wiikgx
=Dk & & D 3 3
Hence complete integral is
"x(C;+c. log x) x+¢5 x~'+1 x7! log x.



\’Ex 2. Solve: x* %—2y-=x’+:?. (Jaipur 19_51)

On changing the independent variable by putting x=¢* the
equation is reduced to D (D—1) y—2y=e"+e™*

ie. (D*~D—2) y=e¥+te™*
The auxiliary equation is : m*—m—2=0 giviag m=2 or —1
A C. F- is (51 ¢”+c’ c-.ﬂcl x’+c. x-l

P. L= 3‘___;:_2. (e*+e=)

1 1 &
=0=5H0FH° T o=+ © -

1 1 -
~300-% ¢ 30+ °
1 R LR
—ie".o.l .a.c .D.l

=}z (eM—e"*)=} log x (x*—1/x)
Hence the complete integral is
y=t; Btcy x4} log x.(x*—1/x)



d’y T
. Ex. 3. Solve: "'7;‘"4,1'"'2’ 2y=x*4-3x.

(Raj. 1955)

On changing the independent variable by putting x=¢* the
tquation reduces to
{ D (D—1) (D—2)—D (D—1)+2D—2 } y=e¥+3¢*
or D*—4D*+5D—2) y=e*+3e¢*
or (D=1)? (D—2) y=e*+43¢
The C.Fu=(c;+¢; 2) ef4c, e¥=(c;+¢; log x) x+c3 2%

Z T ANTAVTETTD TS 1\ VR g s
/E,x. 7. Solve:

x4 p-}-!x' "’+2ym|o( x+—-)

(Delhi 1961, Agra 1952)

Here f(6) is 8 (6—1) (6—2)+26 (§—1)+2, which reduces to
(6+1) (0’—204-2).
: roots of which are —1, 1 4/

Hence C.F.=¢; x'4x (c. cos log x-¢, sin log ).

1 1
P b=y 10 ¢ 3)

1 1
- -+ s (1) ————— -1
) (o T = R T T S
10 10

=% oI

=05x4-2x~! / X1, x-) dxe=bx 25! log x,

Therefore the solution is
Ay-x (€3 cos log x+c, sin log x+5) 4 x~! (cy+2 log x)

L B ey M Rt B Y R R R

R 3 &y i dy_ = .
vfx Solve x’dx‘+6x' +4xd;_ 4y=0 weaser (1)

Substituting y=x= in (1) we get '
[m (m—1) (m— 2)+6m (m—l)+4m—4 ] x==0
or (m4-3m®—4) x=
or (m—1) (m+2)‘ x"=0
Substitution of y=x" will satisfy the equation (1) if
(m=1) (m+2)*=0.
The roots of this equation are 1, =2, -2,
H'nee the solution is
v’ y=e; X+(cy+c, log x) x2,
. S, ~Solve: (x*D+43x* D'+ xD+1) y=0. eenne(1)
Substituting y==x= jn (1) we get
(m*+1) x»=0 ;
Substitution of y=x" will satisfy the equation (1)

nm4-1=0
of which the roots are —1, 1 (1 +4/30).



\‘1(9. Solve : (2x— l)’- +(2x—l) —2y=0 ...... (1)

o dy_dy dz_,dy
Let 2x—1=2z, then - le—z o

d*y d) dy\ dz _, d*
dx'( dz) d' d° d.i-—4

dx* d=*
d’), ) dg}' a}l
> ( dz* ) daz \* az )
stituting these values in the equation (1), it is reduccd to
dy 9.4y
820 o3 k=0 .. (2)

Putting y=2z", we get
{8m (m—1)(m—2)4+2m—2) z2=0
(4m*—12m*4+-9m—1) z™=0
| the roots of the equation are
1, § (244/3) and } (2—v/3).
Hence the solution of (2) is

y=c, 2+cs L3 6 -3
| therefore the soluuon of (1) is

y=c; (2x—1)4c, (2x—-1)"HIV3 Lo (2x—1)1—HV3
5(2x—1) { e;+ey (2x- 1)V 0 2v—1) V3
lﬂ { 1 : 3 ) }
" Ex. 12. Solve (14x)* yy+(14+x) y,+y="4 cos log (14+x)
(Agra 1950)
Putting 1+x=¢' and denoting % by the symbol D, the
equation is reduced to

: D (D-1) .V+Dy+y==4 cos z.
or (D*+1) y=4 cos z.
The auxiliary equauon is
m?*41=0
& C.F.=¢y cos z-+c, sin z=¢, cos log (1+4x)+¢, sin log (1+x)
P. I.—4 55!4_—1 cos z=4. } z sin z

=2 log (14x) sin log (1+x).

-, The complete solution is
y-;cl g/b;ﬂl +")+¢'z sin log (14x)+2 log (1+4x) sin Iog (14x)



AAx. 13. doive :
2x°y +4y’=x’(d’) +2xyd’

fter making it homogeneous by the substitution y==3?
. dy dy dz__,. dz
- z? - =2z 3
Since yw=23, therefore r d

Substituting these valucs in the given equation it is reduced to

x* :'z' —X 35+:=0

vhich is a homogeneous fineaj equation. In symbolic notation
tis
(62—26+1)z=0.
Hence its solution is
z=(cy+¢, log x) x

. . _/?A - y=(¢‘1+6. ‘o‘ x). x"

\_Ex. 15. Solve:

o 4y -sx"".;.y-'i’l..*;:i"_(m&‘, (Agra 1939, 1962)
On chan the inde; =
IR L glex:g ein pendent variable by putting x=¢", this
(D*—4D+1) y=e™*. z sin z+e*
The complementary function

=, eHVIT LotV (243 L (2-V3,

=x! (Cl x\/J +Cs x"”)
and Particular Integral

WOV i 1
me -zllnz"’m—l—ﬁ

1
. pigpretin ity et

Sz o . __ 2D-6 . 1

« {"15"-’60?0"” (D" —ep+ep "2 }"3""
e~ 1 . 2D—-86 .

=g {35__65 sin .—Ir—ﬂbj' sin z }+%r‘

=e {2’5_-{-60 2D — 1

. 6
6l ’mz+ll+00D sin z }+3.¢'“



Ex. 2. Solve:

d’y oy Ay dy 2
s..¢) &Y. a_g)y ¢) ay -
(x%—x) i + (8x2—3) i +14x dx+4y =

(Agra 1946, Rajasthan 1949, 1959)

Here Py=x%—x, P;=8x*—3, Py=14x, P,=4. Writing the
condition of being exact 4—14+16—6=0.

Hence the equation is exact. Integration gives
(0—x) T+ Ex0—2) Dpaxy=— L te.

Again, on applying the condition of being exact
4x—10x+6x=0 ;
hence it is also exact and its integral is

(#—x) L+ @x—1) y=1 +¢, 3+ 5
This equation is not exact, for 2x*—1—(3x*—1) is not equal
to zero ; butitisa equation of the first order i.e.
dy , 2x*—1 1 6 4.6
3i+ P—x 7 x(x¥—x) + xi—1 T xI—x
which on integration gives
xy /(x*—1)=sec™! x+c¢, V(x*—1)+¢c, log [x+v/(x*—1) ) +c,.

Cu 2 [ LN SO

+Ex. 3. Solve :

%-{-cos x -:;-';-—2 sin x%—y Cos x=sin 2x
(Allahabad 1963, Aj
It satisfies the condition of being exact i.e,
—C08 X2 cos x—cos x=0, Hence it is exact.
Integrating

%% +cos x ‘-;‘:—y sin x=—} cos 2x+c,



- T TTE TV YRre
\Ax. 2. Solve: sin® %:’;:2]. ‘/
(Agra 1958, 1962, Jaipur '49, *52, Andhra '563)

Here y=cot x is a solution of 92 —2p cosec® x=0, “—

“dxt
Substituting y=v cot x and therefore

dy_ L P %
dv co"‘a‘i v cosec? x

dy _ v _, 2, dv
and JaE =cotx dy? 2 cosect x d}+2 cosec? x cot x,

le original equation pecomes
d* _ 2 dv_o
dx* sinxcosx dr
Substituting p for :: this beo_omes
The equation is still exact. Hence integrating again
%.l-y cos x=—¢% sin 2x+¢; x4¢,
This equation is lincar. Hence integrating
yeinx =/—§ sin 2x . sin x dx+/¢"°" (¢y x4¢;) dx+ey
=—}/ sin X cos x €' ‘¢x+/¢'i°' (ey x+¢y) dx+cy

Now / sin x cos x €M° ¥ dy—sin x c'i"'—/coleh"dx

=sin x e*—¢"0*

Sy et} (sin x—1) 0% = [$0F (0 x4 0) dute,

or y=—} (sin x—1)4e~ 0% /e'“’ * (6 X+¢y) dx+cye— 0¥



\,8(3. Solve :  (1—x*) d'y +rdy—y=x (1—x3)n

(1. A. S 1951, Jaipur 1951, Punjab
Here y=2x is obviously a solution of the equation

(1—=x?) —J,’ +x f-y-o

Substituting y=vx and therefore dx v+xz"

dly __ dY dv
- e~ L
t original equation becomes

2 v/
R

Substituting for g; this becomes

dp 2 X
it (3 +15 ) p=—xtpn
This is linear and the integrating factor is X (1—x8)12

x* 1

dv_1
or p=g=y WI-F4+AyTT,

‘/E{ 8. Solve: \

2 dYy e
x F3 —2 (x'4x) d;'+(x'+2x+2)y 0. (Agm 1
The equation may be written in the form

-2 (14) D+( 142+ 3 ) y=0.
Here Pe=—2( 1+7: ! Q-x+_f‘+;f;.nd hence

=4 J Pdx_ f('+1/x)dx_ x+logx -

u=e
dP
=01} 7}——} P=0.
Hence the transformed equation is

d* dy
d_x:=0 or d—x=tl or VBC, x+‘|
Therefore the genera! solution B the given equation is
s ymuv=Xxe* (¢, x+cq)=e (c; x¥+¢3 ).

/ ; A . A . A



_/ﬁx. 10. Solve :
d? 1 d 1 1 0
dx)‘: +3in I}:"'( 4x exinT a ) y=o.
(Aliahabad 1942, Jaipur 1951

1 1 6
' Qgt—i"'-sx‘l‘—}" ; and hence

Here p=x—1

uac_' f de=e_* xan

S ST N
Hence the transformed equation is
,:;: —g:=o or x? ::: —6y=0,
This is a homogeneous linear equation and its solation is
v=0; x+cq x93,
Hence the complete primitive is

e y=uv=¢-;’ Xt (1 X3+¢4'x"9). et

~Ex. 10. Solve :

dy , 1 d S GRS L, WO
ais +zin Gt ( n—gxin— a ) y=0.
(Allahabad 1942, Jaipur 1951

Here p=x—1 . Q-iil‘"-ﬁxl‘/“;? ; and hence

ume— 4 J Pdx_ —3 20
1 78 T T O
" I=Gan—gxin— at g @R =3 P =g
Hence the transformed equation is

dv Oy d%
4 _.x.ao or x% o —By==0,
This is a homogeneous linear equation and its solation is
ve=¢; x¥+cy X2,

Hence the complete primitive is

x

y=uv-¢-; = (63 x*¢y'xY), vV

-~ %



\_Ex. 12. Solve the equation :

@y B 1) ym—3 €& sin 2.
W 4x a—x+(w )y
(Agra 1933, 1041, 1950, 1955 ; Luck. 1951, 1956 ; I.A.S. 10568)

Here P=—dx, Q=dx*~1;
:
hence u-c—* ) de-cf Sxdx_“x

I=0—1} %’; —} P=dxd—1—} (—4)—} . 16x%=1.

Hence the transformed equation is
% fy=—3 & sin 2x S —4xdx _ 3 g ox,

dx?
The solution Bl this equation is

y=¢, COS X+ sin X+sin 2X.
Hence the complete primitive is

y"ﬂ‘ex’ (¢, cos x+c4 sin x+sin 2x).

% s d%y dy _ s
\)(22. Solve: «x 7-‘+xzt y=x? e*.
5

(Agra 1935, 1043, 10803 I A. S. 1064)
Arranging in the standard form, this is
dy ,ldy 1 e
PRI - L
Particular solutions pf] the equation when the right-hand
member is zero are u==x and y=x-1,
Let the primitive be
y=Ax+Bx.

Two equations to connect 4 and B are
A, x+4B; x1=0 (1)
and A,—-l? By=e (2)
Solving (1) and (2) 4,=1} ¢, whence A=} ¢*+a
and By=—1 €. x%, whence B=—} ® x*4x e*—e"+b.
Hence the complete primiiive is

“ymix e*4a x—} €% x+e*—e* x14b x-L.
/ =a x+b x ' +e'—ef X,



o 3 d)’_ ali®
\l/l::. 24. Solve: % +(l—cotx) F—y cot x=sin’x.

('“ \,/l\ } (Jaipur 1966, 1958)
\
Let thetleft hand side equated to zero be solved.

Obviously y=e"% is a solution pl] it.
Let y=v e Then lhc.ls equation is reduced to

d* dy
e — o ——n R
i (1+4cot x) =
which on integration gives
¢, v==—1e€" (cos x—sin x)+¢;
y=vy,=A (cos x—sin x) + Be*
The C F. Bl the given equation is
y=A (ros x—sin x)+Be™*
Two equations to connrct A and B are

Ay (cos x—:in x) 4B, e*=0 (1)
and A, (—sin x—cos x)— B, e"*=sin®x e (2)
Solving (1) and (2) A;=—1} sin x whence A=] cos x+c¢
and B,=1} e sin 2x—} e* (1 —cos 2x)

whence B=— ¢* (2 cos 2x—sin 2x)—} e*
—3's €* (—2 sin 2x—cos 2x)+¢,
Complete solution is
y=A (cos x—sin x)+ B e*
=¢; (cos x—sin x)—+% (sin? 2x—2 cos 2x) ¢, €%,

\SEx 25. Sobve: y,—€y,+ 11y, —6y=et=, (Agra 1939, 1962)
P 1 H 2 e 4 5
- z:;gm :le-u:u:: 'tl‘:e; u.anon when the right hand mem-
Let the primitive be - ‘
3 y=A e+ B e**4.C e,
" Three equations to connect 4,'B and C are
P> G'AI-'I-G“ Bl+é. C;-O, '
& e A,+2e® B, 43 ¥ C=0 =
From (1) and (2)

4, __ B = G
. b R g “eta—=A (!.7)
ubstituting the values ad y By, Cyin (3
=) (e7= 0"'+9‘¢")I—A :(c‘)'
Hence A=} e-t=,
A‘=* e.,B-—‘ C- d
Integrating A=1 ¢'+a: Be= —’x-}-b,ig-—-i e*+c
The co;ppl;te"[::imitive, therefore is
=3 e 4ae"—x et 4 peto_ otz /
=a €"+b ¥4 e —x ¢te. e

v 4



Example 22 Solve the differential equation
(tan”'y — x) dy =(1 + %) dx.
Solution The given differential equation can be written as
dx x tan”'y

dy 14y 1)

Now (1) is a linear differential equation of the form E +B x=0Q,

dy
he | dl tan 'y
where, = 5 all = —
1 1+ Q 1+ }12
-
Therefore, 1.F= Im=% o,
& - =¢ .

Thus, the solution of the given differential equation is

.tfrm_, = j‘[tﬂn 'Ir3 ]'Ellm-h.t.f}"l'c

. o \
Let [= j‘[[ﬂ.ﬂ ': ]E‘[“ ¥ dy
1+ y~ '

Substituting tan-' y = 1 so that [ ;

]d}- =dt , we get
l+y

I=j':e'dr=ref—_h edi=te—¢=¢(1-1)

or I= gty (tany —1)
Substituting the value of I in equation (2), we get

X.e™ Y =gt “(tan~'y 1)+ C

or x = (an'y-1)+Ce"™ "



Previous Year Question Paper I1l sem -2024






















